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Monopole solutions in SU(2) Yang-Mills theory which includes spinor fields described by the
nonlinear Dirac equation are obtained. It is demonstrated that the energy spectrum of such a system
possesses a mass gap whose appearance is brought about solely by the nonlinear spinor fields. It is
shown that the monopole solution obtained differs in principle from the ’t Hooft-Polyakov monopole
in that it is topologically trivial. The distinction between different definitions of the mass gap is
discussed.
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I. INTRODUCTION
The mass gap problem in quantum chromodynamics (QCD) is one of the central problems in the theory of strong
interactions. This problem is closely related to the problem of confinement in QCD, and is believed to be resolved
only using the methods of nonperturbative quantization, as applied to SU(3) Yang-Mills theory. Unfortunately, as of
now, there is no universal method to go beyond the perturbative quantization, but there are only certain approaches
that allow one to analyse some nonperturbative effects, including studies within a lattice gauge theory [1, 2].
Since the mass gap problem in QCD is extremely complicated, one can try to study this problem in some simpler
situation in order to understand the reason for the appearance of the mass gap there. Using the results obtained, one
then may try to understand the nature of the mass gap in a more complicated situation – in QCD. As applied to a
consideration of the mass gap problem, such an approach was used in our recent paper [3]. In that work we showed that,
in non-Abelian Proca theory containing a Higgs scalar field and nonlinear spinor fields, there are regular particlelike
solutions whose energy spectrum possesses a mass gap (with some limitations on the parameters determining these
solutions). It was clarified that the reason for the appearance of the gap is the presence of the nonlinear spinor field.
At the same time, the analysis of the corresponding equations indicates that, in the absence of the Higgs field, there
are already no such solutions. A further analysis in this direction shows that, unlike non-Abelian Proca theory, in
Yang-Mills theory, particlelike solutions can exist without a Higgs field, but in the presence of nonlinear Dirac fields.
If only one could prove for this case that the energy spectrum of such particlelike objects has a mass gap, this would
be of special interest.
Apparently, within nonlinear Dirac theory, the presence of a mass gap was first demonstrated in Refs. [6, 7] where
it was shown that the energy spectrum of spherically symmetric solutions has a global minimum. The corresponding
particle was called “the lightest stable particle,” since the term “mass gap” was not yet known at that time. Further
investigations of the mass gap problem showed that even in the absence of quarks (i.e., in the case of purely gluon
systems) there is still no precise understanding of how a gap can form in the energy spectrum [2]. In particular,
glueball states predicted in QCD can be obtained within lattice-QCD calculations, but they, firstly, have not been
unambiguously observed and, secondly, their predicted masses can be considerably modified by quark-antiquarkmixing
effects. This motivates one to consider various aspects concerning the mechanisms of the appearance of a mass gap
in different systems and the studying of physical characteristics of such systems. In this connection, we may mention
some investigations on the subject. In Ref. [8], the influence of magnetic field on the behavior of the mass gap for
quarks was studied. In Ref. [9], QCD-like gauge theories formulated on small S1 × R3 spacetime were considered
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2and a new mechanism of confinement was presented. The author of Ref. [10] showed that the vacuum condensate of
dimensions 2 can provide the effective mass for gluons and ghosts; this can be the reason for the appearance of the
mass gap and of confinement.
The study of nonlinear spinor fields was initiated by W. Heisenberg in the 1950’s. His main idea was the assumption
that the nonlinear Dirac equation can describe the internal structure of an electron. In other words, this equation is
a fundamental equation which enables one to get all main characteristics of an electron: its spin, charge, and mass.
However, with the advent of quantum electrodynamics, further investigations in this direction were discontinued; one
of the reasons for that was that the theory based on the nonlinear Dirac equation is nonrenormalizable. Next time
the nonlinear Dirac equation has appeared as applied to an approximate description of hadrons within the Nambu-
Jona-Lasinio model [4] (for a review, see Ref. [5]). In that model, a nonlinear spinor field is not fundamental but
is used as some approximation within QCD. Notice also that, unlike the Nambu-Jona-Lasinio model, in the present
work we study the nonlinear Dirac equation with a mass term.
In this paper, we demonstrate the presence of a mass gap in SU(2) Yang-Mills theory containing also a spinor field
described by the nonlinear Dirac equation. To do so, we seek monopole solutions with the source of magnetic field in
the form of color charge created by the spinor field. In Ref. [3], we assumed that the nonlinear Dirac equation may
approximately describe sea quarks interacting with sea gluons. Following this assumption, one can assume that the
monopole solutions obtained here may describe a magnetic field created by a lump of sea quarks.
We study here the energy spectrum of a spherically symmetric system consisting of a SU(2) Yang-Mills field and a
nonlinear spinor field. We show that in such a system there exist regular solutions possessing a finite energy whose
energy spectrum has a minimum, which we call the mass gap. It should be emphasized especially that in our case the
definition of the mass gap differs from that used in QCD. To introduce the notion of mass gap in QCD, one uses the
two-point Green function 〈
φˆ(0, t)φˆ(0, 0)
〉
∼
∑
n
Ane
−∆nt, (1)
where ∆0 > 0 is a minimum value in the spectrum of the Hamiltonian, and it is called the mass gap. Consider now
regular solutions to the nonlinear Dirac equation. As shown in Refs. [6, 7], the energy spectrum of regular solutions
has a minimum corresponding to “the lightest stable particle.” The energy density of such solutions is given by the
expression (11) without the first bracket (i.e., without the Yang-Mills fields). This expression involves the parameter
E coming from the exponential factor for the spinor (7). In this case, the total energy is the expression (16) (without
the terms with the Yang-Mills fields) which involves both the term with the parameter E and the term describing
the contribution coming from the nonlinear term in the Dirac equation, rather than the parameter E only. For the
linear Dirac equation, the integration over the whole space (when the normalization of the wave function is taken into
account) gives one the energy E. But if the Dirac equation is nonlinear, the energy is the sum of the term with E
and of the term with Λ which describes the nonlinearity of the system.
The paper is organized as follows. In Sec. II, we write down the Lagrangian and general field equations for SU(2)
Yang-Mills theory containing a nonlinear spinor field. In Sec. III, we present the Ansa¨tze for vector and spinor fields
and also the corresponding equations. Numerical solutions to these equations are sought in Sec. IV, while in Sec. V
we study their energy spectrum and show the presence of a mass gap.
II. THEORY OF YANG-MILLS FIELDS COUPLED TO A NONLINEAR DIRAC FIELD
The Lagrangian describing a system consisting of a non-Abelian SU(2) field Aaµ interacting with nonlinear spinor
field ψ can be taken in the form
L =− 1
4
F aµνF
aµν + i~cψ¯γµDµψ −mfc2ψ¯ψ + Λ
2
g~c
(
ψ¯ψ
)2
. (2)
Here mf is the mass of the spinor field; Dµ = ∂µ − i g2σaAaµ is the gauge-covariant derivative, where g is the coupling
constant and σa are the SU(2) generators (the Pauli matrices); F aµν = ∂µA
a
ν − ∂νAaµ + gǫabcAbµAcν is the field strength
tensor for the SU(2) field, where ǫabc (the completely antisymmetric Levi-Civita symbol) are the SU(2) structure
constants; Λ is a constant; γµ are the Dirac matrices in the standard representation; a, b, c = 1, 2, 3 are color indices
and µ, ν = 0, 1, 2, 3 are spacetime indices.
Using Eq. (2), the corresponding field equations can be written in the form
DνF
aµν =
g~c
2
ψ¯γµσaψ, (3)
i~γµDµψ −mfcψ + Λg~ψ
(
ψ¯ψ
)
= 0. (4)
3Let us enumerate some distinctive features of the system under consideration: (i) The set of equations (3) and (4)
has monopole-like solutions only for some special choices of the system parameters f2 and u1 [for their definition see
Eq. (12)]; (ii) In the absence of the vector field Aaµ, there exist particlelike solutions of the nonlinear Dirac equation
(4) which describe a system with a mass gap [6, 7]; (iii) In the absence of the spinor field, the Yang-Mills equation (3)
has no static globally regular solutions [11]; (iv) To the best of our knowledge, in the case of linear spinor field (i.e.,
when Λ = 0) the set of equations (3) and (4) has no static regular solutions as well.
To obtain particlelike solutions, Eqs. (3) and (4) will be solved numerically as an eigenvalue problem for the
parameters f2 and u1, since apparently it is impossible to find their analytical solution.
III. ANSA¨TZE AND EQUATIONS
We seek monopole-like solutions to Eqs. (3) and (4) describing objects consisting of a radial magnetic field and a
nonlinear spinor field. For this purpose, we employ the standard SU(2) monopole Ansatz
Aai =
1
g
[1− f(r)]

0 sinϕ sin θ cos θ cosϕ0 − cosϕ sin θ cos θ sinϕ
0 0 − sin2 θ

 , i = r, θ, ϕ (in polar coordinates), (5)
Aat = 0, (6)
and the Ansatz for the spinor field from Refs. [12, 13]
ψT =
e−i
Et
~
gr
√
2
{(
0
−u
)
,
(
u
0
)
,
(
iv sin θe−iϕ
−iv cos θ
)
,
( −iv cos θ
−iv sin θeiϕ
)}
, (7)
where E/~ is the spinor frequency and the functions u and v depend on the radial coordinate r only. In Eq. (7), each
row describes a spin-1/2 fermion, and these two fermions have the same massmf and opposite spins and are located at
one point. Aside from this, for each of such fermions, the energy-momentum tensors will not be spherically symmetric
(due to the existence of nondiagonal components), but their sum will give a tensor compatible with spherical symmetry
of the system under consideration.
Equations for the unknown functions f, u, and v can be obtained by substituting the expressions (5)-(7) into the
field equations (3) and (4),
−f ′′ + f
(
f2 − 1)
x2
+ g˜2
u˜v˜
x
= 0, (8)
v˜′ +
f v˜
x
= u˜
(
−m˜f + E˜ + Λ˜ u˜
2 − v˜2
x2
)
, (9)
u˜′ − fu˜
x
= v˜
(
−m˜f − E˜ + Λ˜ u˜
2 − v˜2
x2
)
. (10)
Here, for convenience of making numerical calculations, we have introduced the following dimensionless variables:
x = r/r0, where r0 is a constant corresponding to the characteristic size of the system under consideration; u˜ =√
r0u/g, v˜ =
√
r0v/g, m˜f = r0mfc/~, E˜ = r0E/(~c), Λ˜ =
(
g/r20
)
Λ, g˜2 = g2~c. The prime denotes differentiation with
respect to x. The parameter r0 must depend only on constants of a theory; therefore one can take, say, r0 = ~/(mfc).
The total energy density of the monopole-plus-spinor-fields system under consideration is
ǫ˜ = ǫ˜m + ǫ˜s =
1
g˜2
[
f ′
2
x2
+
(
f2 − 1)2
2x4
]
+
[
E˜
u˜2 + v˜2
x2
+
Λ˜
2
(
u˜2 − v˜2)2
x4
]
, (11)
where the expressions in the square brackets correspond to the dimensionless energy densities of the monopole,
ǫ˜m ≡
(
r40/~c
)
ǫm, and of the spinor field, ǫ˜s ≡
(
r40/~c
)
ǫs.
IV. MONOPOLE-PLUS-SPINOR-FIELDS SOLUTIONS
This section is devoted to the numerical study of monopole-plus-spinor-fields solutions of Eqs. (8)-(10). Because of
the presence of the terms containing x in the denominators of these equations, to perform numerical computations,
4FIG. 1: The functions u˜(x)/x, v˜(x)/x, and f(x) for different values of the parameter E˜ with Λ˜ = 8, m˜f = 1, and g˜ = 1. The
figures in the top row show the solutions for the ground state of the system, and those in the bottom row – for the first excited
state.
we assign boundary conditions near the origin x = 0 where solutions are sought in the form of the Taylor series
f = 1 +
f2
2
x2 + . . . , u˜ = u˜1x+
u˜3
3!
x3 + . . . , v˜ =
v˜2
2
x2 +
v˜4
4!
x4 + . . . , (12)
where v˜2 = 2u˜1
(
E˜ − m˜f + Λ˜u˜21
)
/3 and the expansion coefficients f2 and u˜1 are free parameters whose values cannot
be found from Eqs. (8)-(10).
Eqs. (8)-(10) are solved numerically as a nonlinear problem for the eigenvalues f2 and u˜1 and the eigenfunctions
u˜, v˜, and f , whose typical behavior is shown in Fig. 1 both for the ground state of the system under consideration
and for the first excited state when the functions u˜ and v˜ possess one node. The corresponding computed values of
the system parameters are given in Table I.
The ground state
E˜ 0.555 0.655 0.755 0.855 0.955 0.966 0.977 0.988
f2 -0.21167 -0.1438 -0.092587 -0.0519 -0.016338 -0.012473 -0.0085451 -0.0046615
u˜1 0.510757372 0.497238675 0.47145607 0.4184815 0.2834 0.25342 0.2151 0.163
W˜t 15.6339 11.7187 8.6202 6.4621 5.8124 6.049896 6.5242 7.3827
The first excited state, one-node solutions
E˜ 0.755 0.855 0.955 0.977 0.988
f2 -0.43377 -0.23663 -0.087295 -0.0526425 -0.03217
u˜1 0.6005 0.57331012 0.494131 0.43494 0.37143
W˜t 76.182 62.582 53.748 57.3803 65.957
TABLE I: Eigenvalues u˜1 and f2 and the total energy W˜t from Eq. (16) for different values of the parameter E˜.
Asymptotically (as x→∞), the behavior of the solutions is
f(x) ≈ 1− f∞
x
, u˜(x) ≈ u˜∞e−x
√
m˜2
f
−E˜2
, v˜(x) ≈ v˜∞e−x
√
m˜2
f
−E˜2
,
where f∞, u˜∞, and v˜∞ are integration constants.
It is of interest to follow the behavior of the magnetic Yang-Mills field. Its physical components can be defined as
5FIG. 2: The distributions of the color magnetic fields for different values of the parameter E˜: the radial component H˜ar ≡ gr
2
0H
a
r
is given by Eq. (13) and the tangential components H˜aθ,ϕ ≡ gr0H
a
θ,ϕ – by Eq. (15). The figures in the top row correspond to
the ground state of the system, and those in the bottom row – to the first excited state.
Hai = −(1/2)
√
γ ǫijkF
ajk, where i, j, k are space indices. In our case this gives for the radial magnetic field
Har ∼
1− f2
gr2
, (13)
where a = 1, 2, 3 and we have dropped the dependence on the angular variables. The corresponding graphs for this
component are shown in Fig. 2. In turn, its asymptotic behavior as x→∞ is
Har ∼
2f∞
gr3
. (14)
It is seen from this expression that, by its asymptotic behavior, the system monopole-plus-nonlinear-spinor-fields
differs in principle from the ’t Hooft-Polyakov monopole, whose magnetic field decreases as r−2.
Nonzero tangential components of the magnetic field are
Haθ ∼
1
g
f ′, Hbϕ ∼
1
g
f ′, (15)
where a = 1, 2, 3 and b = 1, 2. Their behavior is shown in Fig. 2.
Thus in this section we have obtained the spherically symmetric solutions describing the self-consistent system
consisting of the non-Abelian magnetic field and non-linear spinor field. Let us emphasize the important feature of
the monopole described by Eqs. (8)-(10): this monopole is topologically trivial, since for its existence the presence of
a scalar field triplet, whose behavior at spatial infinity is topologically nontrivial, is not needed.
V. ENERGY SPECTRUM
In this section we obtain the energy spectrum of the configuration under consideration as a function of the parameter
E˜ and demonstrate the presence of a mass gap in such a system. For this purpose, we employ an expression for a
6FIG. 3: The energy density ǫ˜ from Eq. (11) for different values of the parameter E˜. The left panel corresponds to the ground
state of the system, and the right one – to the first excited state.
FIG. 4: The spectrum of the total energy for the ground (solid line) and excited (dashed line) states from Eq. (17) as functions
of the parameter E˜ (the bold dots show the values of W˜t taken from Table I).
dimensionless total energy of the system in question,
W˜t ≡ Wt
~c/r0
= 4π
∞∫
0
x2ǫ˜dx =
(
W˜t
)
m
+
(
W˜t
)
s
, (16)
where the energy density ǫ˜ is taken from Eq. (11). One can see from this formula that the total energy is split into a
sum of energies of the monopole,
(
W˜t
)
m
, and of the spinor fields,
(
W˜t
)
s
, despite the presence of the direct interaction
between the vector and spinor fields. The corresponding distributions of ǫ˜ along the radius are shown in Fig. 3. In
turn, using Eq. (16), we have calculated the magnitudes of the total energy given in Table I. Using them, we have
plotted in Fig. 4 the corresponding energy spectrum of the system.
The calculated data for W˜t given in Table I can be interpolated by the fitting formula
[W˜t]fit = aE˜
α + b
(
1− E˜
)β
. (17)
In particular, for the ground state, a = 4.80, α = −2.02, b = 0.03, and β = −1.01. Using this formula, in Fig. 4, we
have plotted the curve whose minimum corresponds to a mass gap.
Thus in this section we have obtained the energy spectrum of the self-consistent system modeled within SU(2)
Yang-Mills theory containing the doublet of nonlinear spinor fields. The important result of the calculations is that
the energy spectrum possesses the mass gap (see Fig. 4). We wish to emphasize once again that the notion of the
7mass gap used in the present paper differs from that employed in QCD. We use a stronger definition when a minimum
in the energy spectrum of particlelike solutions is sought. In QCD, by the mass gap one means the least value of ∆0
in the expansion (1) for the two-point Green function.
In order to understand this difference more accurately, let us consider solutions without the Yang-Mills fields, i.e.,
regular solutions of the nonlinear Dirac equation (4) only. This equation has regular solutions depending on the
eigenvalue u˜1. Technically it is more convenient to solve Eqs. (9) and (10) as a nonlinear problem for the eigenvalue
u˜1 and eigenfunctions u˜ and v˜. But one can always reformulate this problem as a nonlinear problem for the eigenvalue
E˜ and the same eigenfunctions u˜ and v˜. In this case, there exists a minimum value E˜ = 0, but then the energy of
the corresponding solution becomes infinite [as happens in the case of Fig. 4; see also the interpolation formula (17)].
This means that for the minimum value of E˜, there is no energy minimum, but it exists for some other value of E˜.
This example illustrates the difference between the standard definition of the mass gap in QCD and that of used in
the present study.
In this connection, let us note that here we have obtained the mass gap in the (3 + 1)-dimensional theory. For the
sake of comparison, we may mention that in (2 + 1)-dimensional SU(2) Yang-Mills theory considered in Ref. [1] the
presence of a mass gap was demonstrated from the analysis of the dependence of the mass on the coupling constant
g, and the results obtained were compared to those found in lattice calculations (see Fig. 12.3 of Ref. [1]).
VI. SUMMARY
Thus, we have demonstrated the presence of the mass gap within SU(2) Yang-Mills theory containing a doublet of
nonlinear spinor fields. By the mass gap we mean a minimum in the energy spectrum of regular particlelike solutions.
These solutions describe a magnetic monopole created by a spherical lump of nonlinear spinor fields. This monopole
differs in principle from the ’t Hooft-Polyakov monopole in that it is topologically trivial. The solutions obtained here
do not exist without the spinor fields which are the source of the color magnetic field. This enables us to arrive at an
important conclusion that the reason for the appearance of the mass gap is the presence of the nonlinear Dirac fields.
This conclusion is also confirmed by the results of Refs. [6, 7] where the mass gap was found for the energy spectrum
of regular solutions to the nonlinear Dirac equation (the authors called it “the lightest stable particle”).
This result allows us to assume that in QCD a similar mechanism of the appearance of the mass gap can also exist.
For this purpose, one has to assume that the interaction between sea quarks and sea gluons can be approximately
described using the nonlinear Dirac equation (for details see Ref. [3]).
Summarizing the results obtained,
• We have found regular finite-energy solutions whose physical interpretation is that they describe a self-consistent
monopole-plus-sea-quarks system.
• We have analyzed the difference in the definition of the mass gap in QCD and for the regular solutions obtained
here.
• The key result is that we have shown the presence of a mass gap in the energy spectrum of such a system, whose
appearance is caused by the nonlinear spinor fields.
In conclusion, we note that in some respect the nonlinear Dirac equation is similar to the Ginzburg-Landau equation:
while the Ginzburg-Landau equation describes a Cooper pair of electrons connected by phonons, the nonlinear Dirac
equation in our case describes a pair of quarks connected by a flux tube. In both cases (electron-electron and quark-
quark pairs), the total spin of the pair is zero. However, in our approximation the quarks are located at one point;
therefore the influence of the flux tube on the physical structure of the system under consideration is not taken into
account.
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